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Renormalization group approach for Lorentz-violating scalar field theory at all loop
orders
William C. Vieira∗ and Paulo R. S. Carvalho†
Departamento de F´ısica, Universidade Federal do Piau´ı, 64049-550, Teresina, PI, Brazil
We compute, both explicitly up to next-to-leading order and in a proof by induction for all
loop levels, the critical exponents for thermal Lorentz-violating O(N) self-interacting scalar field
theory. They are evaluated in a massless theory renormalized at arbitrary external momenta, where
a reduced number of Feynman diagrams is needed. The results are presented and shown to be
identical to that found previously in distinct theories renormalized at different renormalization
schemes. At the end we give both mathematical explanation and physical interpretation for them
based on coordinates redefinition techniques and symmetry ideas, respectively.
I. INTRODUCTION
The renormalization group technique was designed for
solving some non-trivial problems: that involving many
length or equivalently energy scales [1, 2]. These prob-
lems can be understood only if we consider a theory that
takes into account many coupled degrees of freedom. We
can cite the high energy physics effects of deep inelas-
tic scattering and electron-positron annihilation as ex-
amples of such problems [3]. On the other hand, we may
also mention the task of computation of the critical expo-
nents for a thermal continuous transition in the theory of
phase transitions and critical phenomena in the low en-
ergy physics realm [4–6]. In this work, we consider some
symmetry aspects of the latter problem.
The precise determination of the critical exponents for
systems undergoing a thermal continuous phase tran-
sition attained its state of the art when perturbative
higher-loop field-theoretic renormalization group and ǫ-
expansion tools were applied . The loop quantum cor-
rections to classical Landau critical exponents were ob-
tained up to five-loop order [7, 8]. These quantum cor-
rections have their physical origin in the fluctuations of
a quantum field. This field acts as an order parame-
ter, which indicates a transition when occurs its symme-
try breaking, whose mean value represents for example
the magnetization in magnetic systems. As one has to
treat a fluctuating physical quantity i.e. the fluctuating
field, statistic mechanical ideas in the canonical ensem-
ble formalism at a finite temperature T were employed,
where the exponentiation of a d-dimensional Euclidean
Lagrangian density played the role of a Boltzmann fac-
tor. This is why such an approach of statistical mechan-
ics is named thermal statistical field theory [9]. The La-
grangian density, known as Landau-Ginzburg Lagrangian
density, contains the complete information needed for an
accurate description of the required critical properties.
This Lagrangian density is a function of the N -compo-
nent field and its derivatives and it is constructed based
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on certain constrains. Among these constrains are the
maintenance of the symmetry of the order parameter
and the inclusion of operators of the field belonging to a
class of operators called relevant operators. For the sys-
tems studied here the Lagrangian density is composed
of both Lorentz-invariant (LI) and O(N) (the N -dimen-
sional orthogonal group) relevant operators. A relevant
operator is such that its canonical dimension, inferred by
power counting analysis, is less than or equal to four [10].
We could consider operators with canonical dimensions
greater than four, the high composite operators, but they
would provide negligible corrections to the results. These
corrections are called corrections to irrelevant operators
[11–13]. Once we have defined the Lagrangian density,
the critical exponents can be extracted from the non-
trivial scaling properties of the renormalized primitively
one-particle irreducible (1PI) vertex parts with ampu-
tated external legs, namely the Γ
(2)
R and Γ
(4)
R functions
[10]. These functions are finite as opposed to their cor-
responding infinite or bare counterparts Γ
(2)
B and Γ
(4)
B ,
respectively. Their infinities are absorbed multiplica-
tively by renormalization constants. The critical expo-
nents are then directly associated to the anomalous di-
mensions of the 1PI vertex parts near the critical point,
i.e. the anomalous dimensions of the field and compos-
ite field. They are associated to the exponents η and ν,
respectively. The four remaining critical exponents β, γ,
α and δ needed for a complete characterization of the
critical behavior of the system can be obtained by using
four independent scaling relations among them. Massles
and massive theories correspond to critical (at the critical
temperature) and non-critical (not at but near to the crit-
ical temperature) theories, respectively. The universality
of the critical exponents means that they are identical
when evaluated in massless or massive theories, although
the theories be renormalized at distinct renormalization
schemes, i.e. they present different renormalization con-
stants, β-function, anomalous dimensions, fixed points
etc in intermediate steps. Following the program above,
we obtain in this work the critical exponents for mass-
less thermal Lorentz-violating (LV) O(N) self-interact-
ing λφ4 scalar field theory in the minimal subtraction
scheme. This scheme is characterized by its simplicity
because a reduced number of diagrams is needed, ele-
2gance and generality since all the Feynman diagrams are
evaluated at arbitrary external momenta, as opposed to
the previously applied normalization condition renormal-
ization scheme with the respective diagrams computed
at fixed nonvanishing external momenta. The latter and
the BPHZ (were a larger number of diagrams and coun-
terterms has to be computed) renormalization schemes
were applied to renormalize massless and massive theo-
ries [14], whose results are to be compared with the ones
found independently here. To the usual λφ4 scalar field
theory we add the only four dimensional LV O(N) rel-
evant operator Kµν∂
µφ∂νφ with dimensionless constant
coefficients Kµν [15]. It plays a role of a constant back-
ground field. It is symmetric (Kµν = Kνµ) and equal
for all N components of the field which preserves the
O(N) symmetry of the N -component field. We have a
slightly violation of the Lorentz symmetry when the co-
efficients do not transform as a second order tensor un-
der Lorentz transformations, i.e. K ′µν 6= Λ
ρ
µΛ
σ
νKρσ and
|Kµν | ≪ 1. We could have introduced higher derivative
operators but they would contribute with negligible cor-
rections as irrelevant operators. There were some works
analyzing particular combinations of these coefficients,
specifically just their traceless part [16]. So the investi-
gation in this paper is the most general in this respect
and furthermore makes a clear identification of the effect
of a LV symmetry breaking relevant operator on the out-
come for the critical exponents. As the critical exponents
are universal, they are identical for realistic quite differ-
ent systems as a fluid and a ferromagnet. They depend
only on the dimension d of the system, N and symmetry
of some N -component order parameter(a mean value of
the field, so this symmetry is directly related to the sym-
metry of the field), and if the interactions present are of
short- or long-range type. When two or more systems
have their critical properties described by an equal set
of critical exponents, these systems belong to the same
universality class. A general universality class, the O(N)
universality class treated here, encompasses the partic-
ular models: Ising (N = 1), XY (N = 2), Heisenberg
(N = 3), self-avoiding random walk (N = 0) and spheri-
cal (N → ∞) for short-range interactions [17]. Recently
there were many studies on the dependence of the critical
exponents on the more obvious parameters as d [18, 19]
and N [20–22] as well as on the less intuitive symmetry
of the order parameter [23, 24]. Studying the effect of
a symmetry breaking mechanism on the values for the
critical exponents is the aim of this work.
This paper is organized as follows. In Sect. II we ob-
tain, explicitly up to next-to-leading order, the critical
exponents for the critical LV O(N) self-interacting λφ4
scalar field theory in the minimal subtraction scheme,
where the massless theory is renormalized at arbitrary
nonvanishing external momenta by computing just a few
Feynman diagrams. In Sect. III we generalize the out-
comes for the critical exponents for an arbitrary loop
order. In Sect. IV we present our conclusions.
II. MINIMAL SUBTRACTION SCHEME FOR
THE CRITICAL THEORY
The bare d-dimensional Euclidean Lagrangian density
for the critical theory is given by
L0 =
1
2
∂µφ0∂µφ0 +
1
2
Kµν∂
µφ0∂
νφ0 +
λ0
4!
φ40
+
1
2
t0φ
2
0 (1)
The second term above beaks the Lorentz symmetry and
φ0 and λ0 are the bare field and coupling constant, re-
spectively. As in a critical theory we have to renormalize
the bare primitively divergent vertex functions, Γ
(2)
B , Γ
(4)
B
and Γ
(2,1)
B (for composite fields), the last term in Eq. 1
generates the composite field 1PI vertex parts. We follow
the steps and conventions of the Ref. [10] inspired on the
original work [25, 26]. These functions are renormalized
multiplicatively
Γ
(n,l)
R (Pi, Qj , g, κ) = Z
n/2
φ Z
l
φ2Γ
(n,l)
B (Pi, Qj , λ0, κ). (2)
where the divergences, in the form of poles, are extracted
minimally in the minimal subtraction scheme and ab-
sorbed in the renormalization constants for the field Zφ
and composite field Zφ2 , respectively. The external mo-
menta Pi (i = 1, · · · , n) and Qj (j = 1, · · · , l) are associ-
ated to the field and composite field external legs inser-
tions, respectively. The g parameter is the renormalized
coupling constant. It can be written in terms of a dimen-
sionless one by g = uκǫ (for the unrenormalized coupling
constant, λ0 = u0κ
ǫ), where κ is an arbitrary momentum
scale and ǫ = 4− d is a small parameter for avoiding the
divergent point d = 4 in the 1PI vertex parts. The di-
mensional κ parameter will be used for redefining all the
diagrams momenta as dimensionless quantities through
Pµ = κP̂µ, where P̂µ is dimensionless. Thus making
another redefinition, i.e. P̂µ → Pµ means that Pµ is
dimensionless and that the dependence on κ of diagrams
will be absorbed on the coupling constant. We can then
expand the bare dimensionless coupling and renormaliza-
tion constants as
u0 = u
(
1 +
∞∑
i=1
ai(ǫ)u
i
)
, (3)
Zφ = 1 +
∞∑
i=1
bi(ǫ)u
i, (4)
Zφ2 = 1 +
∞∑
i=1
ci(ǫ)u
i, (5)
where it will be more convenient to use the renormaliza-
tion constant Zφ2 ≡ ZφZφ2 instead of Zφ2 , for renormal-
ization of Γ(2,1) purposes. For a single-component field
3the bare 1PI vertex parts to be renormalized, up to next-
to-leading order, can be written as
Γ
(2)
B (P, u0, κ) = P
2(1 −B2u
2
0 +B3u
3
0), (6)
Γ
(4)
B (Pi, u0, κ) = κ
ǫu0[1−A1u0 + (A
(1)
2 +A
(2)
2 )u
2
0],(7)
Γ
(2,1)
B (P1, P2, Q3, u0, κ) = 1− C1u0 + (C
(1)
2 + C
(2)
2 )u
2
0.
(8)
In the last Eq. we haveQ3 = −(P1+P2). The coefficients
have the form
A1 =
(N + 8)
18
[
+ 2 perm.
]
(9)
A
(1)
2 =
(N2 + 6N + 20)
108
[
+ 2 perm.
]
,(10)
A
(2)
2 =
(5N + 22)
54
[
+ 5 perm.
]
, (11)
B2 =
(N + 2)
18
, (12)
B3 =
(N + 2)(N + 8)
108
, (13)
C1 =
(N + 2)
6
, (14)
C
(1)
2 =
(N + 2)2
36
, (15)
C
(2)
2 =
(N + 2)
6
. (16)
The renormalized theory is attained if we demand that
the dimensional poles be minimally subtracted and ab-
sorbed in the renormalization constants. The finite ver-
tex parts then satisfy the renormalization group equation(
κ
∂
∂κ
+ β
∂
∂u
−
1
2
nγφ + lγφ2
)
Γ
(n,l)
R = 0 (17)
where
β(u) = κ
∂u
∂κ
= −ǫ
(
∂ lnu0
∂u
)−1
, (18)
γφ(u) = β(u)
∂ lnZφ
∂u
, (19)
γφ2(u) = −β(u)
∂ lnZφ2
∂u
. (20)
We will be concerned with the function
γφ2(u) = −β(u)
∂ lnZφ2
∂u
≡ γφ2(u)− γφ(u) (21)
instead of γφ2(u), for convenience. The β-function and
the anomalous dimensions in the Eqs. 18, 19 and 21 can
be expressed as functions of the coefficients a1, · · ·, c2
through the Eqs. 3-5, up to next-to-leading level, as
β(u) = −ǫu[1− a1u+ 2(a
2
1 − a2)u
2], (22)
γφ(u) = −ǫu[2b2u+ (3b3 − 2b2a1)u
2], (23)
γφ2(u) = ǫu[c1 + (2c2 − c
2
1 − 2a1c1)u]. (24)
In turn, the coefficients a1, · · ·, c2 are written in terms of
the Feynman diagrams [10]. As the definition demands,
for obtaining the vertex parts we have to cut their exter-
nal legs. Thus, for diagrams evaluation purposes, what
matters are the internal bubbles of the respective dia-
grams. So we have to compute the reduced number of
diagrams, without taking into account their symmetry
factors: (∝ ), , and (∝ ).
We also have that ∝ ∝ ( )2. Thus by us-
ing the results furnished in the A, B and absorbing Sˆ in
a redefinition of u0 and u we find
β(u) = u
(
−ǫ+
N + 8
6
Πu−
3N + 14
12
Π2u2
)
, (25)
γφ(u) =
N + 2
72
(
Π2u2 −
N + 8
24
Π3u3
)
, (26)
γφ2(u) =
N + 2
6
(
Πu−
1
2
Π2u2
)
. (27)
where
Π = 1−
1
2
Kµνδ
µν +
1
8
KµνKρσδ
{µνδρσ} + ..., (28)
δ{µνδρσ} ≡ δµνδρσ + δµρδνσ + δµσδνρ and δµν is the Kro-
necker delta symbol. As promised by the renormaliza-
tion program, the β-function, field and composite field
anomalous dimensions are finite. Another valuable fea-
ture of this renormalization scheme is its elegance and
generality, i.e. the theory is renormalized for any values
of the external momenta. This fact is expressed by the
cancelling of the momentum-dependent L(P ), Lµν(P ),
L3(P ), L
µν
3 (P ) and L
µνρσ(P ) integrals. This cancelling
yields a dependence of the theory on K just through Π
in a very special functional form: a power-law one. This
fact will be used in subsequent developments based on
arguments.
Now we are in a position to compute the critical ex-
ponents. This task is attained by using the so called
4nontrivial fixed point. Is is obtained from the nontrivial
solution to the condition β(u∗) = 0. The trivial one is
the Gaussian fixed point, i.e. u∗ = 0. This solution leads
to the trivial classical critical exponents in the Landau
theory without taking into account the radiative quan-
tum contributions to the exponents. The loop quantum
corrections to mean field approximation are furnished by
the nontrivial solution
u∗ =
6ǫ
(N + 8)Π
{
1 + ǫ
[
3(3N + 14)
(N + 8)2
]}
≡
u(0)
Π
, (29)
where u(0) is the respective LI nontrivial fixed point [10].
By applying the relations η ≡ γφ(u
∗) and ν−1 ≡ 2− η −
γφ2(u
∗) we obtain, to next-to-leading order,
η =
(N + 2)ǫ2
2(N + 8)2
{
1 + ǫ
[
6(3N + 14)
(N + 8)2
−
1
4
]}
≡ η(0),(30)
ν =
1
2
+
(N + 2)ǫ
4(N + 8)
+
(N + 2)(N2 + 23N + 60)ǫ2
8(N + 8)3
≡ ν(0), (31)
where η(0) and ν(0) are the corresponding LI critical ex-
ponents [6]. Now we proceed to show how this result can
be generalized to all-loop level.
III. ALL-LOOP CRITICAL EXPONENTS IN
THE MINIMAL SUBTRACTION SCHEME
In Sect. II, for next-to-leading order, in a mathemat-
ical viewpoint, although the β-function and the anoma-
lous dimensions 25-27 present LV corrections, their LV
dependence on Π (and just on Π after it was explicitly
shown the cancelling of the momentum-dependent inte-
grals) in a power-law form combined with the one for the
nontrivial fixed point 29 yields a cancelling of the LV Π
factor in the final expressions for the critical exponents.
In fact, it was shown earlier [15] that by applying coordi-
nates transformation techniques, the LV coefficients Kµν
can be absorbed into a transformed LI scalar theory with
an effective coupling constant given by u(0) ≡ Πu. This
result indicates that the LV theory can be reached if we
know the LI one, since we include the Π factor in the LV
effective coupling constant [15, 27, 28]. This permits us
writing the β-function and anomalous dimensions to any
loop-level as
β(u) = u
[
−ǫ+
∞∑
n=2
β(0)n Π
n−1un−1
]
, (32)
γ(u) =
∞∑
n=2
γ(0)n Π
nun, (33)
γφ2(u) =
∞∑
n=1
γ
(0)
φ2,nΠ
nun. (34)
where β
(0)
n , γ
(0)
n and γ
(0)
φ2,n are the nth-loop quantum ra-
diative corrections to the corresponding functions. The
Gaussian fixed point is, as it is known, the trivial solution
u∗ = 0. Moreover the nontrivial fixed point can be evalu-
ated from the nontrivial solution from the bracket in the
Eq. 32. It is u∗ = u∗(0)/Π, where u∗(0) is the LI nontriv-
ial fixed point for all-loop level. As the β-function and
the anomalous dimensions also assume a power-law func-
tional form as in the next-to-leading order approxima-
tion, we have again the cancelling of the LV Π factor and
we finally find that the all-loop order critical exponents
are identical to their corresponding LI counterparts. The
mathematical explanation for this general result is very
helpful for a better comprehension of the problem but
is lacked of physical insight. A complete understanding
of this result emerges only when we present its physical
interpretation. For that, we have to use one of the most
solid concepts in the research branch of phase transitions
and critical phenomena, i.e. the concept of universal-
ity class, discussed in the Sect. I. The Lorentz symmetry
breaking mechanism occurs in the spacetime in which the
fluctuating field is defined, not in its internal symmetry
space. So the breaking of this symmetry does not affect
the universal values for the critical exponents. In fact, al-
though the LV composite operator is a relevant operator
by an initially naive analysis from power-counting con-
siderations, the effect of an operator has to be checked up
to the end of the renormalization procedure. Thus this
operator does not adds LV contributions to the critical
exponents.
IV. CONCLUSIONS
In this work we have evaluated, explicitly up to next-
to-leading order, the critical exponents for O(N) λφ4
scalar field theories with Lorentz violation in the massless
regime. We have also computed the same exponents gen-
eralizing the results for an arbitrary loop level. For that,
we have applied renormalization group and ǫ-expansion
techniques in the so called massless minimal subtraction
scheme where there is no reference of counterterms dia-
grams and thus a minimal set of Feynman diagrams is
needed. We have showed that although the renormal-
ization constants, β-function, anomalous dimensions and
fixed point acquire LV corrections, the critical exponents
display their universal character as being equal to the LI
ones. An identical result has been achieved previously
for distinct theories renormalized at different renormal-
ization schemes, showing one more time the universality
of the critical exponents.
Appendix A: Integral formulas in d-dimensional
Euclidean momentum space
Considering Sˆd ≡ Sd/(2π)
d = [2d−1πd/2Γ(d/2)]−1
where Sd = 2π
d/2/Γ(d/2) is the unit d-dimensional
5sphere area, we have
∫
ddq
(2π)d
1
(q2 + 2pq +M2)α
=
Sˆd
1
2
Γ(d/2)
Γ(α)
Γ(α− d/2)
(M2 − p2)α−d/2
, (A1)
∫
ddq
(2π)d
qµ
(q2 + 2pq +M2)α
=
−Sˆd
1
2
Γ(d/2)
Γ(α)
pµΓ(α− d/2)
(M2 − p2)α−d/2
, (A2)
∫
ddq
(2π)d
qµqν
(q2 + 2pq +M2)α
= Sˆd
1
2
Γ(d/2)
Γ(α)
×
[
1
2
δµν
Γ(α− 1− d/2)
(M2 − p2)α−1−d/2
+ pµpν
Γ(α− d/2)
(M2 − p2)α−d/2
]
, (A3)
∫
ddq
(2π)d
qµqνqρ
(q2 + 2pq +M2)α
= −Sˆd
1
2
Γ(d/2)
Γ(α)
×
[
1
2
[δµνpρ + δµρpν + δνρpµ]
Γ(α − 1− d/2)
(M2 − p2)α−1−d/2
+pµpνpρ
Γ(α− d/2)
(M2 − p2)α−d/2
]
, (A4)
∫
ddq
(2π)d
qµqνqρqσ
(q2 + 2pq +M2)α
= Sˆd
1
2
Γ(d/2)
Γ(α)
×
[
1
4
[δµνδρσ + δµρδνσ + δµσδνρ]
Γ(α− 2− d/2)
(M2 − p2)α−2−d/2
+
1
2
[δµνpρpσ + δµρpνpσ + δµσpνpρ
+δνρpµpσ + δνσpµpρ + δρσpµpν ]
Γ(α− 1− d/2)
(M2 − p2)α−1−d/2
+pµpνpρpσ
Γ(α− d/2)
(M2 − p2)α−d/2
]
. (A5)
Appendix B: Feynman integrals
The diagrams used here are
=
∫
ddq
(2π)d
1
q2 +Kµνqµqν
×
1
(q + P )2 +Kµν(q + P )µ(q + P )ν
, (B1)
=
∫
ddq1
(2π)d
ddq2
(2π)d
1
q21 +Kµνq
µ
1 q
ν
1
×
1
q22 +Kµνq
µ
2 q
ν
2
1
(q1 + q2 + P )2 +Kµν(q1 + q2 + P )µ(q1 + q2 + P )ν
,
(B2)
=
∫
ddq1
(2π)d
ddq2
(2π)d
ddq3
(2π)d
1
q21 +Kµνq
µ
1 q
ν
1
×
1
q22 +Kµνq
µ
2 q
ν
2
1
q23 +Kµνq
µ
3 q
ν
3
×
1
(q1 + q2 + P )2 +Kµν(q1 + q2 + P )µ(q1 + q2 + P )ν
1
(q1 + q3 + P )2 +Kµν(q1 + q3 + P )µ(q1 + q3 + P )ν
,
(B3)
=
∫
ddq1
(2π)d
ddq2
(2π)d
1
q21 +Kµνq
µ
1 q
ν
1
×
1
(P − q1)2 +Kµν(P − q1)µ(P − q1)ν
×
1
q22 +Kµνq
µ
2 q
ν
2
×
1
(q1 − q2 + P3)2 +Kµν(q1 − q2 + P3)µ(q1 − q2 + P3)ν
.
(B4)
By making use of the expansion for the free propagator
1
(q2 +Kµνqµqν +m2)n
=
1
(q2 +m2)n
[
1− n
Kµνq
µqν
q2 +m2
+
n(n+ 1)
2!
KµνKρσq
µqνqρqσ
(q2 +m2)2
+ ...
]
(B5)
in the small parameters Kµν and the formulas in the A
combined with dimensional regularization and ǫ-expan-
sion techniques in ǫ = 4− d we have the results
=
1
ǫ
{[
1−
1
2
ǫ−
1
2
ǫL(P )
]
Π−
1
2
ǫKµνL
µν(P )
+
1
4
ǫKµνKρσ[L
µν(P )δρσ + Lµνρσ(P )]
}
, (B6)
= −
P 2
8ǫ
[
1 +
1
4
ǫ− 2ǫL3(P )
]
Π2
+
P 2
4
KµνL
µν
3 (P ), (B7)
= −
P 2
6ǫ2
[
1 +
1
2
ǫ− 3ǫL3(P )
]
Π3
+
P 2
2ǫ
KµνL
µν
3 (P ), (B8)
6=
1
2ǫ2
{[
1−
1
2
ǫ− ǫL(P )
]
Π2
−ǫKµνL
µν(P )
+
1
2
ǫKµνKρσ[L
µν(P )δρσ + Lµνρσ(P )]
}
, (B9)
where
L(P ) =
∫ 1
0
dx ln[x(1− x)P 2], (B10)
Lµν(P ) =
∫ 1
0
dx
x(1 − x)PµP ν
x(1 − x)P 2
, (B11)
L3(P ) =
∫ 1
0
dx(1 − x) ln[x(1− x)P 2], (B12)
Lµν3 (P ) =
∫ 1
0
dx
x(1 − x)2PµP ν
x(1 − x)P 2
, (B13)
Lµνρσ(P ) =
∫ 1
0
dx
x2(1 − x)2PµP νP ρP σ
[x(1 − x)P 2]2
. (B14)
The diagrams and are evaluated perturbatively
in the small parameters Kµν up to O(K
2) and and
up to O(K). The computation of the latter couple
of diagrams up to O(K2) would be very tedious [28].
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